We establish several new inequalities of the constants of Landau and Lebesgue
Introduction and results

Let
(see also the results of Gurland [6] , Mačys [7] and Chen, Qi, Alzer [4] ). G.M. Zhang has proved in [11] the following double inequality
We can rewrite this double inequality (2) as follows 32n + 8 32n 2 + 16n + 3 < πA 2 n < 8n + 3 8n 2 + 5n + 1 , n = 1, 2, . . .
and we will establish an improvement for the right inequality in (3). 
which certainly represent an improvement of the right inequality in (3).
The constants of Landau and Lebesgue are defined for all integers n ≥ 0 by
They play an important role in complex analysis and in the theory of Fourier series, respectively. There is a huge literature concerning the Landau and Lebesgue constants (see e.g. [1, 2, 3, 5, 10] ). D. Zhao establishes in [12] several inequalities for G n and L n :
where n ≥ 1, c 0 = 
where
. Using the Riemann zeta function, we obtained in [8] and [9] some improvements of inequalities (5) and (7) in the following evaluations:
where ζ(s) = ∑ ∞ k=1 k −s is Riemann zeta function. In this paper we will establish some sharp inequalities for G n and L n/2 −G n in order to improve the inequalities (8) and (9) . Also, some estimates for L n/2 − G n−1 are provided.
Theorem 2.
For every λ ≥ 0 and n ∈ I λ we have
Theorem 3. For every λ ≥ 0 and n ∈ I λ we have
. Theorem 4. For every λ ≥ 0 and n ∈ I λ we have
Proofs of the theorems
We are now able to prove our theorems.
Proof of Theorem 1. We denote
.
From Wallis formula (1) it follows that
We have now
(32λ + 8)n 2 + (80λ + 21)n + 51λ + 14 (32λ + 8)n + 40λ + 11 .
After simplifying we obtain
It is obvious that α n+1 > α n for any n ∈ I λ . Next, by using (13), we deduce that
and hence 
Proof of Theorem 2. It is easy to verify that
From (3) and (4) we deduce 32n + 8 32n 2 + 16n + 3 < πA 2 n < (32λ + 8)n + 8λ + 3 (32λ + 8)n 2 + (16λ + 5)n + 3λ + 1 , for λ ∈ [0, ∞) and n ∈ I λ . Hence
Using (8) and (15), we obtain from (14) the both inequalities (10) from statement.
Proof of Theorem 3. The inequalities (11) are obtained easily from (6) and (10).
Remark 3.
For λ ≥ 0 and n ≥ 0 we have (32λ + 8)n + 40λ + 11 (32λ + 8)n 2 + (80λ + 21)n + 51λ + 14
( 1
One has lim x→∞ f (x) = 0 and f ′ (x) > 0 for x > 0 (see [8, p.115-116] ). Hence f (x) < 0 and, for n ≥ 1, we have 8n + 3 8n 2 + 5n + 1 < ln
Since (32λ + 8)(n + 1) + 8λ + 3 (32λ + 8)(n + 1) 2 + (16λ + 5)(n + 1) + 3λ + 1 < 8(n + 1) + 3 8(n + 1) 2 + 5(n + 1) + 1 the inequality (16) follows.
Notice that, according to Remark 3, the first inequality from (10) is an improvement of the first inequality from (8) and the second inequality from (11) is an improvement of the second inequality from (9). > ln
Proof. We consider the function f : (0, ∞) → R given by
We have lim x→∞ f (x) = 0 and f ′ (x) < 0 for all x > 0 (see [9, p.1459] ). So f (x) ≥ 0 for every x > 0 and 32n + 8 32n 2 + 16n + 8 > ln
Therefore the inequality (17) is verified.
According to Remark 4, the second inequality from (10) is an improvement of the second inequality from (8) and the first inequality from (11) is an improvement of the first inequality from (9) . 
Next, using (6), we obtain the inequality (12).
Examples
In this section we will illustrate in some particular cases that our results provided in Theorem 2 and Theorem 3 improve the Zhao's inequalities (5) and (7). 
